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Abstract
Some years ago Ruijsenaars and Schneider initiated the study of mechanical systems
exhibiting an action of the Poincare´ algebra. The systems they discovered were far richer:
their models were actually integrable and possessed a natural quantum version. We
follow this early work finding and classifying mechanical systems with such an action.
New solutions are found together with a new class of models exhibiting an action of the
Galilean algebra. These are related to the functional identities underlying the various
Hirzebruch genera. The quantum mechanics is also discussed.
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1 Introduction
In this letter we shall introduce new mechanical models obeying the Poincare´ algebra
{H,B} = P, {P,B} = H, {H,P} = 0. (1)
Here H will be the Hamiltonian of the system generating time-translations, P is a space-
translation generator and B the generator of boosts. The investigation of such models was
initiated by Ruijsenaars and Schneider [23]. The models they discovered were found to posses
other nice features: they were in fact integrable and a quantum version of them naturally
existed. We shall discuss these further features of our models below.
Ruijsenaars and Schneider [23] began with the ansatz
H =
n∑
j=1
cosh pj
∏
k 6=j
f(xj − xk), P =
n∑
j=1
sinh pj
∏
k 6=j
f(xj − xk)
and
B =
n∑
j=1
xj .
With this ansatz and the canonical Poisson bracket {pi, xj} = δij the first two Poisson brackets
of (1) involving the boost operator B are automatically satisfied. The remaining Poisson
bracket is then
{H,P} = −
n∑
j=1
∂j
∏
k 6=j
f2(xj − xk)
− 1
2
∑
j 6=k
cosh(pj − pk)
∏
l 6=j
f(xj − xl)
∏
m 6=k
f(xk − xm)
(
∂j ln f(xk − xj) + ∂k ln f(xj − xk)
)
and for the independent terms proportional to cosh(pj−pk) to vanish we require that f ′(x)/f(x)
be odd. This entails that f(x) is either even or odd1 and in either case f2(x) is even. Suppos-
ing that f(x) is so constrained, then the final Poisson bracket is equivalent to the functional
equation
{H,P} = 0⇐⇒
n∑
j=1
∂j
∏
k 6=j
f2(xj − xk) = 0. (2)
For n = 3 this equation may be written in the form∣∣∣∣∣∣
1 1 1
F (x) F (y) F (z)
F ′(x) F ′(y) F ′(z)
∣∣∣∣∣∣ = 0, x+ y + z = 0, (3)
where F (x) = f2(x). Ruijsenaars and Schneider [23] showed that F (x) = ℘(x) + c satisfies
(3) and further satisfies (2) for all n. This same functional equation (without assumptions on
the parity of the function F (x)) has arisen in several settings related to integrable systems. It
arises when characterising quantum mechanical potentials whose ground state wavefunction
(of a given form) is factorisable [12, 24, 18]. More recently it has been shown [1] to characterise
1Ruijsenaars and Schneider assume f(x) = f(−x).
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the Calogero-Moser system [25], which is a scaling limit of the Ruijsenaars-Schneider system.
The analytic solutions to (3) were characterised by Buchstaber and Perelomov [8] while more
recently a somewhat stronger result with considerably simpler proof was obtained by the
authors [2]. One has
Theorem 1 Let F be a three-times differentiable function satisfying the functional equation
(3). Then, up to the manifest invariance F (x)→ αF (δx) + β, the solutions of (3) are one of
F (x) = ℘(x + d), F (x) = ex or F (x) = x. Here ℘ is the Weierstrass ℘-function and 3d is a
lattice point of the ℘-function.
Thus the even solutions of (3) are precisely those obtained by Ruijsenaars and Schneider. As
an aside we remark that the delta function potential aδ (x) of many-body quantum mechanics
on the line, which has a factorisable ground-state wavefunction, can be viewed as the α → 0
limit of −b/α sinh2 (−x/α+ πi/3) with πaα = 6b. Thus all of the known quantum mechanical
problems with factorisable ground-state wavefunction are included in (3). There appear deep
connections between functional equations and integrable systems [11, 7, 21, 20, 5, 13, 3, 4, 14,
15, 16, 17].
At this stage all we know is that the n = 3 solution of Ruijsenaars and Schneider to (2) in
fact yields a solution for all n. The general even solution of (2) has not been given. Our first
new result is
Theorem 2 The general even solution of (2) amongst the class of meromorphic functions
whose only singularities on the Real axis are either a double pole at the origin, or double poles
at np (p real, n ∈ Z) is:
a) for all odd n given by the solution of Ruijsenaars and Schneider while
b) for even n ≥ 4 there are in addition to the Ruijsenaars-Schneider solutions the following:
F1(z) =
√
(℘(z)− e2)(℘(z)− e3) = σ2(z)σ3(z)
σ2(z)
=
θ3(v)θ4(v)
θ21(v)
θ′21 (0)
4ω2θ3(0)θ4(0)
= b
dn(u)
sn2(u)
F2(z) =
√
(℘(z)− e1)(℘(z)− e3) = σ1(z)σ3(z)
σ2(z)
=
θ2(v)θ4(v)
θ21(v)
θ′21 (0)
4ω2θ2(0)θ4(0)
= b
cn(u)
sn2(u)
F3(z) =
√
(℘(z)− e1)(℘(z)− e2) = σ1(z)σ2(z)
σ2(z)
=
θ2(v)θ3(v)
θ21(v)
θ′21 (0)
4ω2θ2(0)θ3(0)
= b
cn(u) dn(u)
sn2(u)
Here
σα(z) =
σ(z + ωα)
σ(ωα)
e−zζ(ωα), u =
√
e1 − e3 z, v = z
2ω
, b = e1 − e3
with ω1 = ω, ω2 = −ω − ω′ and ω3 = ω′, and we have given representations in terms of
the Weierstrass elliptic functions, theta functions and the Jacobi elliptic functions [26]. The
functions Fk(z) are elliptic functions whose periodicities and (double) poles are as follows:
F1(u) = F1(u + 2K) = F1(u + 4iK
′) u = 0, 2iK ′,
F2(u) = F2(u + 4K) = Fu(u + 2K + 2iK
′) = F2(u+ 4iK
′) u = 0, 2K,
F3(u) = F3(u + 2iK
′) = F3(u+ 4K) u = 0, 2K.
2
These functions satisfy (d2/dx2−6/ sn2(x))Fi = −λiFi (λi = 4+k2, 1+4k2, 1+k2 respectively)
and Fi(u+ iK
′) are g = 2 Lame´ polynomials. (The remaining two g = 2 Lame´ polynomials are
of Ruijsenaars-Schneider form with similarly shifted argument.) The functions Fk(z) have the
expansion Fk(z) = 1/z
2 + ek/2 + O(z
2), and if P denotes the other pole in the fundamental
region determined by its periodicity we have
Fk(z + P ) = −Fk(z). (4)
For appropriate ranges of z the solutions are real. Their degenerations yield all the even
solutions with only a double pole at x = 0 on the real axis. These degenerations may in fact
coincide with the degenerations of the Ruijsenaars-Schneider solution.
One can straightforwardly verify these new solutions do in fact satisfy (2) for even n but
new techniques needed to be developed to show we have exhausted the solutions. (These will
be presented elsewhere [10].) One method of verifying these are solutions is as follows. Let F
be any one of F1, F2 or F3. Setting xn = xn−1 + ǫ+ αP , with α = 0, 1 in (2) yields
n∑
j=1
∂j
n∏
k 6=j
F (xj − xk) =
n−2∑
j=1
∂j
(
F (xj − xn−1)F (xj − xn)
n−2∏
k 6=j
F (xj − xk)
)
+ ∂n−1
(
F (xn−1 − xn)
n−2∏
k=1
F (xn−1 − xk)
)
+ ∂n
(
F (xn − xn−1)
n−2∏
k=1
F (xn − xk)
)
=
n−2∑
j=1
∂j
(
(−1)αF (xj − xn−1)F (xj − xn−1 − ǫ)
n−2∏
k 6=j
F (xj − xk)
)
+ (−1)α
[
F ′(−ǫ)
n−2∏
k=1
F (xn−1 − xk) + F (ǫ)∂n−1
n−2∏
k=1
F (xn−1 − xk)
]
+
(−1)α(n−1)
[
F ′(ǫ)
n−2∏
k=1
F (xn−1 + ǫ − xk) + F (ǫ)∂n−1
n−2∏
k=1
F (xn−1 + ǫ− xk)
]
For both α = 0, 1 there are pole terms ǫ−3, ǫ−2, ǫ−1 as ǫ → 0. When α = 0 it is easy to
see these poles vanish. For example the ǫ−3 term vanishes simply from the the oddness of
F ′(ǫ). When α = 1 (corresponding to the pole P of F (x)) we see we require an even number
of particles. (There are other poles in this expression of the form ǫ = xn−1 − xs + αP , but
these correspond to xn = xs + ǫ + αP and vanish by symmetry and the above arguments.)
Viewed as a function of xn we have a doubly elliptic function with no poles, thus for n even∑n
j=1 ∂j
∏
k 6=j F (xj − xk) is independent of xn. By symmetry this is a constant. The value of
this constant may be established as zero by the following argument. Set xj = jµ, where µ is
any number such that ±sµ (s ∈ {1, . . . , n − 1}) is not a pole of F (x). Consider the pairing
j ↔ n−j. With our choice of xj then F (xj−xk) = F (−[xn−j−xn−k]) = F (xn−j−xn−k) while
F ′(xj − xk) = −F ′(xn−j − xn−k). Using this involution we may show the terms appearing in
the constant sum cancel pairwise:
n∑
j=1
∂j
∏
k 6=j
F (xj − xk) =
∑
j 6=k
F ′(xj − xk)
∏
l 6=j,k
F (xj − xl)
=
1
2
∑
j 6=k
(
F ′(xj − xk) + F ′(xn−j − xn−k)
) ∏
l 6=j,k
F (xj − xl) = 0.
Thus we obtain 0 =
∑n
j=1 ∂j
∏
k 6=j F (xj − xk) and our functions satisfy the equation.
3
2 Integrability
The models discovered by Ruijsenaars and Schneider not only exhibited an action of the
Poincare´ algebra but were completely integrable as well and we will discuss this aspect of our
models. Throughout we henceforth assume that f is either even or odd as discussed earlier.
Following [23] we introduce the light-cone quantities
S±k =
∑
I⊆{1,2,... ,n}
|I|=k
exp
(
±
∑
i∈I
pi
) ∏
i∈I
j 6∈I
f(xi − xj). (5)
Then H = (S1 + S−1)/2 and P = (S1 − S−1)/2. We investigate the Poisson commutativity of
these Sk’s.
Let I, J ⊆ {1, 2, . . . , n} and define the sets
A = I\J, B = J\I, C = I ∩ J, D = I ∪ J.
A
B
C
D
J
I
Then I = A ∪ C and so on. Introduce the notation [23]
(J) =
∏
l∈J
m 6∈J
f(xl − xm) =
∏
l∈J
m∈A
f(xl − xm)
∏
l∈J
n∈D
f(xl − xn)
=
∏
l∈C
m∈A
f(xl − xm)
∏
l∈B
p∈A
f(xl − xp)
∏
l∈B
r∈D
f(xl − xr)
∏
l∈C
s∈D
f(xl − xs)
and for disjoint sets A,B set
(AB) =
∏
a∈A
b∈B
f(xa − xb) = (±1)|A||B|(BA)
(using the evenness/oddness of f). Thus (I) = (AB)(AD)(CB)(CD). Also set
e±θJ = e±
∑
j∈J pj .
Then the light-cone quantity Sk becomes
S±k =
∑
J⊆{1,2,... ,n}
|J|=k
e±θJ (J).
Now clearly {Sk, S±n} = 0 and Sk−n = Sk S−n for all k, thus we only need focus on k ∈
{1, 2, . . . , n}. To calculate the Poisson bracket {Sk, Sl} we must evaluate expressions of the
form {
eθI (I), eθJ (J)
}
= eθI+θJ [(I)∂I(J)− (J)∂J (I)]
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where ∂I =
∑
i∈I ∂i. Now
∂I(J) = (J)

−∑
l∈B
p∈A
f ′ (xl − xp)
f(xl − xp) +
∑
l∈C
p∈D
f ′ (xl − xp)
f(xl − xp)


whence
{
eθI (I), eθJ (J)
}
= eθI+θJ (I)(J)
∑
l∈B
p∈A
[
−f
′ (xl − xp)
f(xl − xp) +
f ′ (xp − xl)
f(xp − xl)
]
= eθI+θJ (I)(J)
2
(AB)
∂A(AB)
= (±)(|A|+|B|)|C|+|A||B|eθI+θJ (A ∪B)(CD)2∂A (AB)2
= (±)(|A|+|B|)|C|+|A||B|eθA∪B+2θC (A ∪B)(CD)2∂A (AB)2 .
In going between the first and second line here we have assumed f is either even or odd. If
either A or B is empty the result is understood to be vanishing. Similarly{
eθI (I), e−θJ (J)
}
= eθI−θJ [(I)∂I(J) + (J)∂J (I)]
= (±)(|A|+|B|)|C|+|A||B|eθI−θJ (AB)2 ∂C(CD)2.
Now {Sk, Sl} will vanish if and only if the coefficients of the independent eθI+θJ = eθA∪B+2θC
vanish. Such a term fixes the sets C, D and A ∪ B, and the same momentum dependence
appears for each subset L ⊆ A ∪ B with |L| = |A|. The coefficient of eθA∪B+2θC in {Sk, Sl}
then vanishes provided ∑
L⊆A∪B
|L|=|A|
∂L(LA ∪B\L)2 = 0.
Therefore (with k, l ∈ {1, 2, . . . , n})
{Sk, Sl} = 0⇐⇒
∑
L⊆{1,2,... ,k+l−2c}
|L|=k−c
∂L(L {1, 2, . . . , k + l − 2c}\L)2 = 0, (6)
for all c satisfying max(k + l − n, 0) ≤ c ≤ min(k, l). In particular
{S1, Sl} = 0⇐⇒
l+1∑
j=1
∂j
∏
k 6=j
f2(xj − xk) = 0 (7)
and we recover (2) for l = n− 1.
If we take k ≤ l ≤ n− 1 the term c = k − 1 is allowed in the sum leading to
{Sk, Sl} = 0 =⇒
l−k+2∑
j=1
∂j
l−k+2∏
s6=j
f2(xj − xs) = 0 (8)
We know our new functions do not satisfy this when l−k is odd. Thus the conserved quantities
of Ruijsenaars will not Poisson commute for this new model. We cannot as yet rule out other
Poisson commuting conserved quantities. In the case of n = 4 we note that S1, S3 and S4
Poisson commute.
5
3 Scaling Limits
We will now construct some classical Hamiltonian systems from our new solutions. We be-
gin by recalling the scaling limit of the Ruijsenaars-Schneider model [23] that results in the
Calogero-Moser model. Whereas the Calogero-Moser models are (completely integrable) nat-
ural Hamiltonian systems, the scaling limits we must consider have a different form. There are
also analogous systems corresponding to the these scaling limits of the Ruijsenaars-Schneider
models.
Let us write pj = p¯j/c and xj = cx¯j , a scaling which preserves the Poisson brackets
{xi, pj} = δij = {x¯i, p¯j}. Putting in dimensionful parameters we have
lim
c→∞
(H − nmc2) = lim
c→∞
(
mc2
n∑
j=1
cosh
p¯j
mc
∏
k 6=j
√
1 +
g2
c2
℘(
x¯j − x¯k
A¯
)− nmc2
)
=
1
2
n∑
j=1
p¯2j
m
+
mg2
2
∑
j 6=k
℘(
x¯j − x¯k
A¯
)
Here the parameter A has been introduced [6] to make the argument of the ℘ function di-
mensionless: ℘(x/A) = ℘(x¯/A¯), thus A scales as cA¯. This scaling limit is possible because of
the (assumed) nonzero constant that can appear in the Ruijsenaars-Schneider solution (here
scaled to one). Such a constant is not present in our new solutions, and the scaling does not
work if the constant in the Ruijsenaars-Schneider solution is zero. We shall now consider a
different scaling.
Both the Ruijsenaars systems and ours have a different type of scaling limit
lim
c→∞
(
mc2
n∑
j=1
cosh
p¯j
mc
∏
k 6=j
f(
x¯j − x¯k
A¯
)− λmc2
)
=
1
2
n∑
j=1
p¯2j
m
∏
k 6=j
f(
x¯j − x¯k
A¯
)
Here we have introduced
λ =
n∑
j=1
∏
k 6=j
f(
x¯j − x¯k
A¯
), (9)
which need not be constant. In some special cases however it is. We know for example that if
λ is a constant, f(x) is an odd function, and
1. (9) is true for all n ≥ 3 then f(x) = 1/x (λ = 0), coth(x) (λ = 1 for n odd and λ = 0 for
n even),
2. (9) is true for all even n ≥ 4 then f(x) =
√
℘(x)− eα (λ = 0).
This type of degeneration of the Ruijsenaars-Schneider models does not appear to have been
considered before. (The same will work with the addition of extra potentials not considered
here.) The functional identities being used here also underly the various Hirzebruch genera
[19]. We find for example that
Theorem 3 The functions
H =
1
2
n∑
j=1
p2j
∏
k 6=j
f(xj − xk), P =
n∑
j=1
pj
∏
k 6=j
f(xj − xk), B =
n∑
j=1
xj
6
obey the algebra
{H,B} = P, {P,B} = λ, {H,P} = 0. (10)
if and only f(x) is either an even or odd function satisfying
n∑
j=1
∏
k 6=j
f(xj − xk) = λ,
where λ is a constant. In particular, the odd functions f(x) = 1/x (λ = 0), coth(x) (λ = 1
for n odd and λ = 0 for n even),
√
℘(x)− eα (λ = 0) yield solutions.
When λ = 0 this is the Galilean algebra, while λ 6= 0 is a central extension of the Galilean
algebra. Our new functions do not satisfy this unless we have a degeneration. Interestingly, in
the case of an even number of particles, particular cases of the elliptic Ruijsenaars-Schneider
model are in this list. Whatever, we can ask whether the metrics this scaling limit yield have
any special significance. We are encountering models of the form H = 12
∑n
j=1 g
jjp2j and so
dealing with diagonal metrics. We cannot as yet characterise these metrics, but towards this
report
Theorem 4 The diagonal metric
ds2 =
n∑
i=1
(∏
j 6=i
Ψ(xi − xj)
)
(dxi)2, (11)
with potentially nonvanishing curvature components Rijik, R
i
jjk (k 6= i, j) and Rijij has
1. Rijik = R
i
jjk = 0 (k 6= i, j) if and only if Ψ(x) = α
(
e2bx − 1)a or αxa. We may set
α = 1 by rescaling x.
2. Rijij = (−1)n b2 when Ψ(x) =
(
e2bx − 1),
3. Rijij = 0 when Ψ(x) = x.
Thus Ψ(x) = x yields a solution of the Lame´ equations.
These metrics are of Sta¨ckel form. The rational degenerations of our models are given by this
theorem. They may be understood as a parabolic limit of Jacobi elliptic coordinates2. Indeed,
although we have investigated metrics of the form (11) because these arise from our systems,
we have more generally
Corollary 1 The diagonal metric
ds2 =
n∑
i=1
(
χi(x
i)
∏
j 6=i
Ψ(xi − xj)
)
(dxi)2, (12)
has Rijik = R
i
jjk = 0 (k 6= i, j) if and only if Ψ(x) = α
(
e2bx − 1)a or αxa.
2We thank E. Ferapontov for discussion on this matter.
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4 Quantum Models
Ruijsenaars [22] also investigated the quantum version of the classical models he and Schneider
introduced. From the outset he sought operator analogues of the light-cone quantities (5). He
showed that (for k = 1, . . . n)
Sˆk =
∑
I⊆{1,2,... ,n}
|I|=k
∏
i∈I
j 6∈I
h(xj − xi) 12 exp
(
−√−1β
∑
i∈I
∂i
) ∏
i∈I
j 6∈I
h(xi − xj) 12
pairwise commute if and only if (for all k and n ≥ 1)
∑
I⊆{1,2,... ,n}
|I|=k
(∏
i∈I
j 6∈I
h(xj − xi)h(xi − xj − iβ)−
∏
i∈I
j 6∈I
h(xi − xj)h(xj − xi − iβ)
)
= 0. (13)
Here β is an arbitrary positive number. Upon dividing by β and letting β → 0 this yields (6)
and in particular (2) with F (x) = h(x)h(−x). (Given F (x) there is of course an an ambiguity
in h(x) under h(x)→ ebxh(x).) Ruijsenaars was able to show that h(x) = σ(x+µ)/(σ(x)σ(µ))
led to a solution of (13), the solution being related to the earlier Ruijsenaars-Schneider solution
via
σ(x + µ)σ(x − µ)
σ2(x)σ2(µ)
= ℘(µ)− ℘(x).
Ruijsenaars [22] suggested that this solution was “most likely unique” but was unable to prove
this. A consequence of our classical analysis are the possible functions F (x) = h(x)h(−x).
A natural question to ask is whether there is a solution to (13) corresponding to our new
solutions. If not, then the Ruijsenaars solution is indeed unique. At present we are able to
show that the Ruijsenaars solution is the unique solution to (13) with k = 1 for n = 3, 4 while
for general n and those h(x) with infinite real period and tending to 0 at infinity, the only
solutions correspond to F (x) = 1/ sinh2 x and F (x) = 1/x2. In particular there is no h(x)
corresponding to our new solution F (x) = cosh(x)/ sinh2 x. We anticipate being able to extend
this to show that none of the new solutions can be written in the form F (x) = h(x)h(−x) with
h(x) satisfying (13).
5 Conclusion
In this letter we have investigated mechanical systems exhibiting an action of the Poinca´re
algebra. By adopting a given ansa¨tz this reduces to a study of the functional equation (2) and
we presented the general solution to this. Beyond the solution of Ruijsenaars and Schneider new
solutions are obtained. The conserved quantities of Ruijsenaars and Schneider do not Poisson
commute for these new models. Although we cannot as yet rule out other Poisson commuting
conserved quantities, our models suggest that Poinca´re invariance and integrability are distinct
requirements. A new classical limit of our models (and the Ruijsenaars-Schneider model) was
discussed. Here a diagonal metric of a particular type arises. The rational degenerations
of these models satisfy the Lame´ equations and indeed are the only ones within our class
of metrics that do. Finally we have considered the quantum mechanical version of our new
models. While not complete, we can show for n = 3, 4 that the only solutions to Ruijsenaars
functional equations (13) are those given by Ruijsenaars and Schneider, and that for general
n the degenerations of our new models, where distinct from the Ruijsenaars solutions, fail to
yield a solution. Our new techniques suggest a proof of the uniqueness of the Ruijsenaars
solution is now within reach, and this will be pursued elsewhere.
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